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Abstract
We define an entropy of a distribution and calculate the entropy of distribution obtained from
contact structures and foliations.
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1. Introduction
Generally, the dynamics of different systems (homeomorphisms, groups, pseudogroups,
graphs, foliations) can be studied by calculating entropies. The notion of topological en-
tropy was introduced by Adler et al. [1] as an invariant of topological conjugacy. Later,
Bowen [4] and Dinaburg [6] presented an equivalent approach to the notion of entropy in
the case when the domain of a transformation is a metrizable space. The topological en-
tropy, h(f ), of an endomorphism f measures the complexity of the mapping acting on a
compact topological space in the sense that it presents the rate at which the action of the
mapping disperses points.
Since entropy appeared to be very useful invariant in ergodic theory and dynamical sys-
tems, there were few attempts to find its suitable generalization for other systems. Among
others, Ghys et al. [7] proposed a definition of a geometric entropy of a foliation and de-
fined an entropy of a finitely generated pseudogroup of continuous transformations. They
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about the dynamics of a foliation. The notion of the entropy of a foliation depends on a
Riemannian metric of a foliated manifold so it has a geometric nature. Moreover, the van-
ishing entropy of codimension one foliation implies vanishing of its Godbillon-Vey class,
a very important topological invariant in the theory of foliations. Also, zero entropy of a
foliation implies existence of invariant Borel probability measures (see: [5,16]).
Another modification of the notion of topological entropy was performed by Hurley
in [9] who defined other entropy-like invariants for a continuous transformation, and es-
tablished relations between them. The author in [2] generalized Hurley’s results to a case
of finitely generated semigroups of continuous transformations.
The aim of our paper is a generalization of the above mentioned geometrical entropy of
a foliation presented in [7] to an arbitrary distribution defined on a Riemannian manifold.
We prove the following theorems:
Theorem A. The entropy of a distribution of a contact structure of a manifold M is equal
to zero.
Theorem B. The entropy of an involutive distribution D is equal to the geometric entropy
of a foliation (in a sense of Ghys, Langevin and Walczak) determined by D.
2. Entropy of a distribution
Consider a smooth distribution D defined on a compact Riemannian manifold M with a
distance function d . When the distribution D is integrable, then its integral surfaces form a
foliation of the manifold M , so that locally, it looks like a fibration of the cylinder D2 × I
by the horizontal disc D2 × t, t ∈ I .
For detailed information about foliations we recommend: [5,15].
In the case of foliations, the dynamic of the integrable distribution determining the fo-
liation can be measured by the geometric entropy of the foliation described by Ghys et al.
in [7].
The main concept which appears in each definition of a topological entropy is a notion of
(n, ε)-separated points. In the classical Bowen’s approach to the topological entropy (com-
pare: [4]) of a continuous transformation f :X → X of a compact metric space (X,d), two
points x0, y0 ∈ X are called (n, ε)-separated if
max
{
d
(
f k(x0), f
k(y0)
)
: 0 k  n − 1} ε.
Manning in [11] considers the topological entropy of a flow ψ = (ψt ) on a compact
metric space (X,d). Distinct points y, y′ ∈ X are called (T , δ)-separated for the flow ψ if
there exists t , 0 t  T such that d(ψt (y),ψt (y′)) δ.
The above idea was generalized by Ghys et al. in [7]. They consider compact foliated
Riemannian manifold (M,F). They fix a nice covering U and a compact transversal T
determined by U . In this approach two distinct points x, y ∈ T are called (R, ε)-separated
if there exist leaf curves γ : [0,1] → Lx and δ : [0,1] → Ly (starting respectively at x
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d(γ (1), δ(1)) ε.
In a case of arbitrary smooth distribution D of the tangent bundle TM we cannot speak
about the “close” leaf curves lying on “close” leaves as in the case of foliations, but we can
apply the following procedure. We consider a transversal T to the distribution D such that
dimT = codimD.
Definition. We say that a transversal T is complete if for any x ∈ M there exists a curve γ
tangent to D connecting x with T .
Definition. Points x, y ∈ T are called (R, ε)-separated if either d(x, y) ε or there exists
a curve γ of length less or equal R, tangent to D such that γ (0) = x (or γ (0) = y) and for
arbitrary curves δ of length less or equal to R tangent to D, δ(0) = y (or δ(0) = x), the
following condition holds:
sup
γ
inf
δ
sup
tR
d
(
γ (t), δ(t)
)
 ε.
Let
dR(x, y) = sup
γ
inf
δ
sup
tR
d
(
γ (t), δ(t)
)
.
Definition. A subset A of T is (R, ε)-separated with respect to the distribution D if for
any distinct points x, y ∈ A we obtain dR(x, y) ε.
Denote by ND(R, ε) the maximal cardinality of (R, ε)-separated subset A of T .
Definition. We define entropy h(D) of a distribution D as the following limit:
h(D) = lim
ε→0+
lim sup
R→∞
R−1 logND(R, ε).
Remark 1. The definition of the entropy of D is independent on the transversal T . Indeed,
let Ti , i = 1,2, be two complete transversals and denote by hTi (D) the entropy of D with
respect to Ti . Let βx,1 the length of minimal curve tangent to D, joining x with Ti .
β1 = sup
x∈M
βx,1.
Let x, y ∈ T2 be (R, ε)-separated with respect to T2, then there exist x1, y1 ∈ T1 such that
they are (R + β1, ε)-separated with respect to T1. This yields that
ND(R, ε,T2)ND(R + β1, ε, T1),
where, ND(R, ε,Ti), i = 1,2, is the maximal cardinality of (R, ε)-separated subset of the
transversal Ti . So, passing to the limits we get that
hT2(D) hT1(D).
The same argumentation applied to the transversal T1 yields
hT1(D) hT2(D)
which proves that the notion of the entropy of a distribution is independent on a transversal.
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Lemma 0. If the entropy h(D,g1) is non-vanishing with respect to a Riemannian metric
g1 on M , then h(D,g2) is non-vanishing with respect to arbitrary Riemannian metric g2.
Proof. Any two Riemannian metrics g1 and g2 on a compact manifold M are quasi-
isometric in th sense that there exists a positive constant a such that
a−1g2(v, v) g1(v, v) ag2(v, v)
for all v ∈ TM . Moreover, for arbitrary curve γ we obtain that
a−1l2(γ ) l1(γ ) al2(γ ),
where li (γ ) is a length of γ with respect to the metric gi , i = 1,2. So, arbitrary points
x, y ∈ T which are (R, ε)-separated with respect to g1 are (aR, εa )-separated with respect
to g2. That is why
ND(R, ε, g1)ND
(
aR,
ε
a
, g2
)
.
Since h(D,g1) > 0, we get that h(D,g2) > 0. 
3. Dynamics of contact distributions
A distribution D on a (2n − 1)-dimensional manifold M is said to be a contact struc-
ture if D is defined as D = kerη, where η is a smooth nonsingular 1-form satisfying the
condition
η ∧ (dη)n−1 = 0.
This condition implies that D has the least integrability among codimension one distrib-
utions. The nonsingular 1-form η is called a contact 1-form and a pair (M,η) is called a
contact manifold. There exist many contact manifolds, e.g.
Theorem [12]. Any compact, orientable 3-manifold admits a contact structure.
Definition. Given a contact 1-form η, there exists a unique vector field Xη satisfying the
conditions:
η(Xη) = 1
and
iXη dη = 0,
where iXη is the interior product with respect to Xη (i.e., iXη dη = dη(Xη, ·)). This unique
vector field Xη is called the Reeb vector field associated with the contact 1-form η and the
flow generated by Xη is called a contact flow.
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Denoting by L the Lie differentiation we can write:
LXηη = 0
and
LXη dη = 0.
Locally, a contact manifold possesses a simple structure.
Theorem (Darboux in [14, p. 141]). Any point p in a (2n − 1)-contact manifold (M,η)
has the coordinate neighborhood (U,x1, y1, . . . , xn−1, yn−1, z) such that
η|U = dz +
∑
xi dyi.
To prove Theorem A we need the notion of a (φ, ξ, η) structure and Lemmas 1–3.
Definition. A differentiable manifold M2n+1 has a (φ, ξ, η) structure if it admits a field φ
of endomorphisms of the tangent spaces, a vector field ξ and a 1-form η such that:
η(ξ) = 1
and
φ2 = −I + η ⊗ ξ,
where I denotes the identity map.
Then, it is easy to show that φξ = 0.
Lemma 1 [8]. Let (M2n+1, α) be a contact manifold. Then the structural group of TM2n+1
can be reduced to U(n) × 1.
Lemma 2 [13]. If the structural group of TM2n+1 can be reduced to U(n) × 1, then M
carries a (φ, ξ, η) structure.
Lemma 3 [3]. If M2n+1 is a manifold with (φ, ξ, η) structure, then M2n+1 admits a Rie-
mannian metric g such that for any X,Y ∈ TM
g(φX,φY ) = g(X,Y ) − η(X)η(Y ).
Proof of Theorem A. Let (M,η) be a contact manifold and D = kerη. By Lemmas 1–3
we get that (M,η) admits a Riemannian metric g such that
g(φξ,φY ) = g(ξ,Y ) − η(ξ)η(Y ) = 0,
where Y ∈ TM and ξ is the Reeb vector field.
So η(Y ) = g(ξ,Y ) and
ξ ⊥ D.
Moreover, for any X ∈ D
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([ξ,X])= −η([ξ,X]),
g(ξ, ξ) = 1.
So [ξ,X] ∈ D and
LXg(ξ, ξ) = X
(
g(ξ, ξ)
)− 2g([X,ξ ], ξ)= 0.
Denote by T a fixed integral curve of ξ and by (φt ) the flow of the vector field X tangent
to D. By the definition of Lie derivative
(LXg)p = − dds
(
(φs)∗g
)
p
∣∣
s=0
putting φt (p′) = p and dφtξ ∈ TpM we get that
0 = (LXg)φt (p′)(dφtξ,dφtξ) = −
d
ds
gφs+t (p′)
(
dφs+t (ξ ),dφs+t (ξ )
)∣∣
s=0
= − d
dt
gφt (p′)
(
dφtξ,dφtξ
)
.
Thus, gφt (p′)(dφtξ,dφtξ) is constant (independent of t).
Therefore, for any x, y ∈ T we get that φt maps isometrically the arc [x, y] of T into
an integral curve of ξ . The above condition yields that the field X is an infinitesimal isom-
etry (compare with Proposition 3.2 in Chapter 6 in [10]). So, for fixed points x, y ∈ T
and a curve γ : [0,1] → M tangent to the distribution, starting at x we can find a curve
γ1 : [0,1] → M tangent to the distribution and starting at y such that
d
(
γ (t), γ1(t)
)= d(γ (0), γ1(0))
for any t ∈ [0,1]. Compactness of M and the Darboux theorem (in [14]) imply that we can
choose a compact transversal T ′. Therefore, any two points x, y ∈ T ′ are (R, ε)-separated
with respect to D if and only if d(x, y)  ε where d is a distance function. Thus, the
number ND(R, ε) is finite and independent of R. Passing to the suitable limits we get that
the entropy of any contact distribution is equal to zero. 
4. Dynamics of integrable distributions
Consider an integrable distribution D defined on a compact Riemannian manifold M
with metric d . Then, the distribution D determines a foliation F on M . Fixing a nice cover
U of the foliated manifold (M,F) and a complete transversal T = TU we can study the
dynamics of D via the geometric entropy of foliations hGLW defined by Ghys, Langevin
and Walczak.
Recall that points p,q ∈ T are (R, ε)-separated on (M,F) if either d(p,q)  ε or
there exists a leaf curve γ : [0,1] → M of length l(γ )  R such that γ (0) = p (respec-
tively, γ (0) = q), the originated at plaque though q (respectively, through p) orthogonal
projection pr γ of γ onto the leaf through q (respectively, through p) exists and satisfies
the inequality:
d
(
γ (1),prγ (1)
)
 ε.
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any two of its points are (R, ε)-separated in the above sense. Since M is compact, all
separated sets are finite and we may define NF (R, ε) as the maximal cardinality of an
(R, ε) separated set.
Ghys et al. defined the geometric entropy hGLW(F ) of F by:
hGLW(F ) = lim
ε→0+
lim sup
R→∞
R−1 logNF (R, ε).
So, in a case of integrable distribution we can measure its dynamics in two ways.
Theorem B. If D is an integrable distribution, then
h(D) = hGLW(F ),
where F is a foliation determined by D.
Proof. Consider a foliation F of a compact Riemannian manifold (M,g). Since M is
compact, its geometry is bounded (i.e., sectional curvature, injectivity radius, etc., are
bounded). As an implication from Gauss Lemma (compare: [14]) we obtain that for any
leaf L of F and any point p close to L (it means that d(p,L) is less than the injectivity
radius ε0) there exists a unique geodesic cp crossing orthogonally the leaf L such that
cp(0) ∈ L, cp(t0) = p, t0 = d(p,L).
By Remark 1, the entropy of a distribution is independent on the transversal T . Thus,
without loosing the generality of considerations we can choose the nice covering U of M
by “cylinders” as in the proof of Theorem 3.4 of [7], and the complete transversal T = TU
determined by the covering U . “Cylinders” are distinguished charts Up , p ∈ M , built along
the transversals Tp = expM B⊥(0p, r), where B⊥(0p, r) is the ball of radius r centered at
the origin T ⊥p F , the orthogonal complement of TpF in TpM . More precisely, we can write
Up =
⋃
q∈Tp
BF (q, r∗),
where BF (q, r∗) is a ball of radius r∗ centered at q in the leaf Lq at q . The numbers
r and r∗ can be chosen sufficiently small such that the corresponding exponential maps
are diffeomorphic on the balls of radii 2r and 2r∗, and for any x, y ∈ Tp the distance
d(y,prLy (x)) < ε0, prLy (x) being the orthogonal projection of x on the leaf Ly .
We can choose a finite subset P of M , P = {p1, . . . , pn}, such that the corresponding
charts Upi form a nice covering U .
Fix points x, y ∈ T , assume that x ∈ L, y ∈ L1 and let γ : [0,1] → L be a leaf curve
such that γ (0) = x. Without losing the generality we may assume that y is close to L
(in above sense). Let γt be a geodesic crossing orthogonally the leaf L at the point γ (t)
and denote by pr γ (t) the common point of geodesic γt and leaf L1. We can do such a
construction provided that
d
(
pr γ (t), γ (t)
)
< ε0,
for any t ∈ [0,1].
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family of leaf curves α : [0,1] → L1 such that α(0) = pr γ (0).
Since d(γ (t0),pr γ (t0)) is the length of the shortest curve joining point γ (t0) and
pr γ (t0), then by triangle inequality we get that for any curve α ∈ C
d
(
γ (t0), α(t0)
)
 d
(
γ (t0),pr γ (t0)
)
.
Therefore,
inf
α∈C supt∈[0,1]
d
(
γ (t), α(t)
)
 sup
t∈[0,1]
d
(
γ (t),pr γ (t)
)
.
But pr γ ∈ C, thus
inf
α∈C supt∈[0,1]
d
(
γ (t), α(t)
)= sup
t∈[0,1]
d
(
γ (t),pr γ (t)
)
.
Let ε < ε0. Assume that points x, y ∈ T are (R, ε)-separated with respect to the distri-
bution D, then d(x, y) ε or there exists a leaf curve γ : [0,1] → Lx on the leaf passing
though x, tangent to D, of length l(γ ) less or equal to R, γ (0) = x such that for any other
leaf curve γ1 : [0,1] → Ly on the leaf passing through y, tangent to D, of length l(γ1) less
or equal to R, γ1(0) = y, we obtain that
sup
t∈[0,1]
d
(
γ (t), γ1(t)
)
 ε.
Choose a point t0 ∈ [0,1] such that
d
(
γ (t0), γ1(t0)
)= sup
t∈[0,1]
d
(
γ (t), γ1(t)
)
.
Then, t0 = 0 which implies d(γ (0), γ1(0)) = d(x, y)  ε, or t0 ∈ (0,1] which implies
γ1(t0) = pr γ (t0). If necessary, we introduce a reparametrization φ : [0,1] → [0,1] of the
curve γ such that φ(1) = t0. Thus
d
(
(γ ◦ φ)(1), (γ1 ◦ φ)(1)
)
 ε.
In both cases we obtain that the points x, y ∈ T are (R, ε) separated with respect to the
foliation F . So,
ND(R, ε)NF (R, ε)
and passing to the limits we finally obtain that
h(D) hGLW(F ).
Assume that points x, y ∈ T are (R, ε)-separated with respect to the foliation F and
d(x, y) < ε. Then, there exists a leaf curve γ : [0,1] → Lx of length l(γ ) less or equal to
R and its orthogonal projection pr γ on Ly such that
d
(
γ (1),prγ (1)
)
 ε.
Let Nε(Lx) = {y ∈ M: d(y,Lx) ε} and choose the smallest s ∈ [0,1] such that
d
(
γ (s),prγ (s)
)= ε.
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1 and b 0 such that
1
a(ε)
l
(
γ | [0, s])− b l(pr γ | [0, s]) a(ε)l(γ | [0, s])+ b,
where limε→0+ a(ε) = 1.
By the construction of the nice covering U we get that pr γ (0) is close to y, it means
that d(y,pr γ (0)) = a∗  ε0
Let γ ∗ : [−a∗,1] → Ly be a leaf curve joining y with prγ (s) such that
γ ∗(t) = pr γ (t),
for any t ∈ [0, s]. Then,
max
{
l
(
γ | [0, s]), l(γ ∗)} a(ε)R + b + ε0.
It yields that the points x, y are (a(ε)R + b + ε0, ε)-separated with respect to the distribu-
tion D and
NF (R, ε)ND
(
a(ε)R + b + ε0, ε
)
.
Passing to the suitable limits and paying attention to the fact that limε→0+ a(ε) = 1 we get
that
hGLW(F ) h(D)
which completes the proof. 
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